The paper shows that the possibility of controlling the incremental response of a soil specimen subjected to an arbitrary loading programme is lost at a stress level which is below the value for which failure occurs in ordinary tests. The relation between this level and other critical values (bifurcation into a shear band, peak of the stress deviator in an undrained test, stability under dead load) is discussed.
INTRODUCTION
In order to be able to predict the behaviour of soils in the most general loading conditions one may face either in geomechanics or in geotechnical engineering problems, research has been directed in two complementary directions. On the one hand more and more sophisticated apparatus have been built to investigate the incremental response of soil specimens under complex loading conditions. On the other hand, more and more advanced constitutive laws have been proposed to describe the observed behaviour. An extensive cross-fertilization between the two fields took place: new experimental results inspired modification of the structure of existing models, while theoretical predictions gave ideas for new tests and influenced the design of new experimental apparatus and the definition of new experimental techniques.
The uniqueness of the incremental response is obviously a major concern. The loss of uniqueness of the response for a strainsoftening material is embodied in the equations of the theory of plasticity. The possible occurrence of a bifurcation when the material specimen is still in the hardening regime, is a more recent but now classical result [1] . Other issues about the controllability and/or the stability of the incremental response have been raised by several authors either from the experimental or the theoretical side ( [2] , [3] , [4] ).
It will be shown in this paper that the unconditional controllability of a soil specimen under any arbitrary incremental loading programme is possible only up to a certain stress level. Such level is below the value for which failure occurs in ordinary tests and, in general, is also below the level at which a bifurcation in the form of a shear band may occur. The relation with the peak value in an undrained test and the stability of the specimen under dead load will be also discussed.
UNCONDITIONAL CONTROLLABILITY OF THE INCREMENTAL RESPONSE
The mechanical behaviour of geomaterials is usually described in terms of incrementally non-linear constitutive laws. In the range of small strains e.., the stress-strain constitutive law can be written as
where a dot indicates increment, or rate, σ is fc he Cauchy stress tensor, and is the incrementa l stiffness tensor. For wet geomaterials σ. , is not the total stress, but a convenient measure of stress on the hk skeleton, for instance the effective stress, as defined by Terzaghi [5] , for saturated soils. The stiffness tensor depends on the stress state, the previous history of the specimen via a set of internal (or hidden) variables ρ, , functions of the strain state, and the stress rate σ, , : The aim of this section is to investigate whether an arbitrary loading programme may give rise to the non uniqueness of the incremental response. We shall consider here the simple case of an elastoplastic material with non-negative hardening. The loss of uniqueness of the incremental response for strainsoftening materials was in fact thouroughly studied elsewhere [8] , [9] . We shall not also consider, initially at least, the loss of uniqueness caused by the annihilation of the acoustic tensor [1] .
Let us list the independent components of e and σ^ i- 
A stress controlled test admits obviously a unique solution insofar the determinant of D is larger than zero. For an elastoplastic strainhardening material this occurs when the hardening modulus Η is zero. In fact:
where D is the elastic stiffness, m is the gradient of the plastic potential, η is the gradient of the loading function f, a tilde means transposed and f inally the critical hardening modulus Η is defined [3] as Η = ή D c m ( 6) It is apparent from equation (4), (5), (6) that when H=0 under zero stress rates the strain rates may take the form a m ( 7) α being an arbitrary positive number. Conversely, it is easy to show that in a strain controlled test loss of uniqueness occurs for Η = Η <0.
c
In general, however, we may control partly strains and partly stresses. For instance in a standard triaxial test-an axisymmetric test in which a soil specimen is subjected first to an isotropic confining pressure σ 3 and then is axially loaded-the confining pressure is kept constant while the axial strain is increased. Analogously, in the oedometer test axial stress is increased while no radial strain is allowed.
We may then partition a and e, each in two subvectors of dimension k and 6-k, respectively, with l<k<6. D is partitioned accordingly.
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'22 ( 8) As long as the determinant of D 22 is different from zero, we may use as control parameters a 1 and e 2 . The constitutive law takes then the form:
Under such loading programme, control il lost when the determinant of the matrix, say D*, is zero. In order to calculate the determinant we may make use of the Schur's formula, see [10] :
Therefore, whenever a principal minor of matrix D is zero, there exists a loading programme such that control is not possible. rate vector takes then the form {0 | a 2 }. Since σ 2 depends on an arbitrary scalar parameter, the loading condition η a > 0, can always be met, so that D is the elastoplastic stiffness. The elastic stiffness is e normally assumed to be positive definite, in fact, and det D 1;l is positive, whatever principal minor is chosen.
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Thus a necessary and sufficient condition for uniqueness of the incremental response under an arbitrary loading programme is that all principal minors of matrix D are positive.
For a symmetric matrix such condition coincides with the requirement that the elastoplastic stiffness matrix is positive definite. Moreover, for a symmetric matrix depending continuosly on a parameter (in this case the hardening modulus) the first minor which can be zero is the determinant of the full matrix. For a symmetric stiffness matrix therefore, in the hardening regime (H>0), an arbitrary loading programme gives rise to a unique material response. For an elastoplastic strainhardening material, the stiffness matrix is symmetric whenever η = m, so that the normality rule holds.
Geomaterials, and soils in particular, do not obey such rule, however. This was experimentally demonstrated in [11] for loose sands. It was also proven in [12] that the peak observed in undrained triaxial tests on loose, or even moderately dense, sands and some clays can not be described by an elastoplastic constitutive law obeying such rule. For other geomaterials neither a demonstration nor a proof is given of the validity of the normality rule. Experimental data are better matched, however, if m φ η, [13] .
In such a case the stiffness matrix is not symmetric and the positive definiteness of the matrix is a sufficient condition for the positiveness of all principal minors. In fact, since D is positive definite, so is its symmetric part D g . All the principal minors of D g therefore are positive definite. The Ostrowski and Tausski theorem [14] states that if a matrix is positive definite the determinant of the matrix is greater or equal than the determinant of its symmetric part. Therefore all the principal minors of D are positive if D g is positive definite.
The positive definiteness of D is not necessary for the positiveness of its principal minors, however. It is straight-forward for instance to construct a two by two non-symmetric matrix which is not positive definite but with all principal minors positive.
The positive definiteness of D is nevertheless a necessary (and sufficient) condition for unconditional controllability if more general loading programmes are followed.
In fact, we may decide to control stresses and strains, not directly but by means of linear combinations of them. For instance in an undrained triaxial test we control the volumetric strain, which is zero throughout the test since the drainage valve is closed, and the axial displacement which, in the range of small strains, is directly proportional to the axial strain. We may then define a new set of strain variables η which are linearly and independently related to the strain components, via a nonsingular matrix Τ The question is whether the system is controllable or not for any T. The relation between ξ and η can be written as
where from Eqs (11), (12) It is interesting to note that the non-nullity of the second order work was proven by Hill [15] to be a sufficient condition for material stability.
Maier and Hueckel [9] assumed such condition to be also necessary for stability. The assumption was taken a priori. Here we see in which sense the material becomes unstable (loss of uniqueness) when the second order work is no more positive definite.
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COMPARISON WITH OTHER SITUATIONS IN WHICH CONTROLLABILITY IS LOST
It is well known that when the determinant of the acoustic tensor becomes zero, a shear band may occur in the material specimen. This condition can be seen as a special case of that discussed in the previous section. The vectors η and £ of Eq.(ll), (12) can be seen simply as the strain and stress vectors, respectively, in a new reference frame x^, χ , χ . The matrices Τ and Τ are then simply the coordinate transfors t e σ mation matrices for stress and strain tensors, which obviously obey Eg. (14) . If, for the sake of convenience we group the stress components acting on a plane of normal x n in the upper part of the vector ξ and the remaining components in the lower one, we may write the constitutive law in this new reference frame as therefore, controllability is lost in this case, since an infinity of solutions exist. Such solutions are special in that any two of them may coexist in two adjacent regions violating neither equilibrium nor compatibility. A stress and strain discontinuity may then arise under uniform loading, that, in a uniformly strained specimen, takes usually the form of a shear band.
Since in general the transformation diagonalizing the symmetric part of matrix D is not a coordinate transformation matrix, the loss of unconditional controllability and the possibility of occurrence of a shear band will be associated to a different value of the hardening modulus. The former is associated to a higher hardening modulus, i.e. unconditional controllability is lost 'first'.
In fact, when D^ is positive semi definite, all its principal minors different from the determinant are positive. By virtue of the aforementioned Ostrowski and Tausski theorem, all the minors of D are positive, in any reference frame. In particular it must be positive the determinant of the acoustic tensor. Another case in which controllability is lost, before limit conditions are met, occurs when in an undrained triaxial test a peak in the deviator stress takes place. It can be easily shown [12] that such condition occurs where
where Vol. 5, No. 2, 1994 Controllability Thus, also det D g must be nil. Therefore C ceases to be positive definite when also D does the same. Condition (26) occurs then 'after* the loss of unconditional controllability.
Lade [3] associated the existence of a peak in undrained conditions to a loss of stability condition. Actually, stability under dead load in undrained conditions is lost a bit further [2] . In fact load may still increase at constant deviator stress because the area of the sample increases together with axial strain increase. For practical purposes, however, the two points can be considered to coincide, but instability under dead load occurs anyway 'after' peak and therefore a fortiori 'after' the loss of unconditional controllability.
CONCLUSIONS
It has been shown that for an elastoplastic strainhardening material with non associated flow rule, the possibility of controlling the incremental response of a specimen subjected to an arbitrary loading programme is lost in the hardening regime, before the limit condition (H=0) is met. This occurs for the value of the hardening modulus at which the symmetric part of the stiffness matrix becomes positive semidefinite, H s · In such a condition there is a special loading programme for which infinitely many solutions exist, and which is associated to zero second order work. The nullity of the determinant of the acoustic tesor occurs for a hardening modulus which is lower than H g . Similarly, the condition for occurrence of peak and loss of stability under dead load, both in undrained conditions, may occur only after the condition for loss of unconditional controllability is met.
The loss of unconditional controllability, which coincides with the loss of the positive definiteness of second order work, appears then to be the critical condition met first, i.e. at a higher hardening modulus, in a loading programme starting from isotropic stress conditions.
